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Abstract 

We study the supersymmetry enhancement of ABJM theory. Starting from a TV = 
2 supersymmetric Chern-Simons matter theory with gauge group U(2)xU(2) which is a 
truncated version of the ABJM theory, we find by using the monopole operator that there 
is additional N = 2 supersymmetry related to the gauge group. We show this additional 
supersymmetry can combine with M = 6 supersymmetry of the original ABJM theory to an 
enhanced = 8 SUSY with gauge group U(2)xU(2) in the case fc = 1,2. We also discuss 
the supersymmetry enhancement of the ABJM theory with U(A^)xU(A^) gauge group and 
find a condition which should be satisfied by the monopole operator. 
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1 Introduction 



There has been remarkable recent progress in understanding the worldvolume theory of coincident 
M2-branes. This was initiated by Bagger and Lambert [1] and Gustavsson [2] (BLG) who found 
an A/" = 8 Chern-Simons matter theory based on 3-algebra. Under the assumption for Euchdean 
metric in the 3-algebra, the gauge group of the BLG theory is restricted to SO (4). So the BLG 
theory can be reformulated as an ordinary Chern-Simons gauge theory with SU(2)xSU(2) gauge 
group having opposite Chern-Simons levels k and —k [3]. Inspired by BLG theory and subsequent 
developments, Aharony, Bergman, Jafferis, and Maldacena (ABJM) proposed Af = 6 Chern- 
Simons matter theory with U(A^)xU(A^) gauge group [4]. The ABJM theory is believed as a low 
energy effective theory of multiple M2-branes on orbifold C^/Z^. According to the developments 
related to the M2-brane effective actions, the Chern-Simons matter theories with higher number 
(A/" > 4) of supersymmetry were also constructed [5-7]. 

The ABJM theory with gauge group SU(2)xSU(2) is equivalent to the BLG theory as proved 
in Ref. [4]. So it has J\f = 8 supersymmetry regardless the Chern-Simons level k. Unlike the 
SU(2) xSU(2) case, the ABJM theory has J\f = 6 supersymmetry for generic k. It was conjectured, 
however, that the ABJM theory has the additional J\f = 2 supersymmetry and becomes Af = 8 
theory at /c = 1,2 [4]. 

The purpose of this paper is to find the additional JV = 2 supersymmetry explicitly and prove 
the conjecture for supersymmetry enhancement in ABJM theory with U(l) xU(l) and U(2) xU(2) 
gauge groups. We also propose a general formulation for the additional supersymmetry in ABJM 
theory with U(A^)xU(A^) gauge group. To do so, we introduce a local operator Tf^* (or T^l^) in 
the supersymmetry transformation rules, where a,b and a,b are the gauge indices of \]{N)l and 
l]{N)ji gauge groups respectively. After some calculations we determine the condition for T, which 
gives the additional Af = 2 supersymmetry. Since there are two gauge groups in ABJM theory, the 
matter fields are in bifundamental or anti-bifundamental representations, which are interchanged 
with each other with the action of T on these fields. For instance, a bifundamental scalar 
is changed to an anti-bifundamental scalar TY"^ due to the index structure of T. Actually T 
corresponds to the monopole operator (often called 't Hooft operator), which was suggested in 
Ref. [8]. For an explicit study of monopole operators in the ABJM theory and related topics, 
see [9-16] 

It is interesting that the supersymmetry parameter for the additional Af = 2 supersymmetry 
includes gauge indices and crucially depends on the gauge group of the theory. In this sense, 
the additional supersymmetry in ABJM theory is an exceptional one in supersymmetric gauge 
theories. 

For U(l) xU(l) case, T becomes the abelian monopole operator as we will see in the subsection 
12. H and the additional supersymmetry is allowed for k = 1,2 cases due to the orbifold structure 
of the transverse space. On the other hand, for SU(2)xSU(2) case, T is expressed as the product 
of the SU(2) invariant tensors e"* and e-^^, which are independent of the worldvolume coordinates. 
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and the additional supersymmetry always exist for any value of k. Therefore the additional 
super symmetry seems to be allowed only for k = 1,2 cases in U(A^) xU(A^) or SU(A^) xSU(A^) 
{N > 3) gauge groups, which are composed of U(l) and SU(2) parts. 

The rest of this paper is organized as follows. In section 2, we introduce a superconformal 
Chern-Simons matter theory which is a truncated version of the ABJM theory but has the same 
supersymmetry enhancement properties with minimal number of matter fields. We call this theory 
as the minimal model. The model has the same forms of the kinetic terms for scalars and fermions 
and the Chern-Simons terms. And the matter field part is composed of two complex scalars and 
fermions and so the fermionic and bosonic potentials are different from those of ABJM theory. We 
explicitly show Af = 2 supersymmetry of the model having f/(l)_R symmetry and find the addi- 
tional U = 2 supersymmetry for U(l)xU(l), SU(2) xSU(2), and U(2)xU(2) cases. In Appendix 
A, we verify the supersymmetric invariance of the Lagrangian of the minimal model. In section 3, 
we prove the conjecture for the supersymmetry enhancement in ABJM theory for U(l) xU(l) and 
U(2)xU(2) cases aX k = 1,2, and suggest a possible supersymmetry transformation rules for the 
additional M = 2 supersymmetry and corresponding condition in T for the general U(A^) xU(A^) 
or SU(A^) xSU(A^) cases. In Appendix B, we show that the procedure for the minimal model can 
also be applied to ABJM theory. We conclude in section 4 with brief summary and discussion. 

Note Added: While this paper was being completed, a paper 'a rXiv:0906. 35681 [hep-th] [17] 
appeared, which also deals with supersymmetry enhancement of ABJM theory with general gauge 
group based on 3-algebra. 

2 Supersymmetry Enhancement of a Minimal Model 

Before taking into account the supersymmetry enhancement of ABJM theory, we consider super- 
symmetry enhancement of a minimal model, which is a A/" = 2 superconformal Chern-Simon matter 
theory and has the same supersymmetry enhancement behaviors with those of ABJM theory. The 
model has the same kinetic terms for scalars and fermions, Chern-Simons terms with gauge group 
U(A^)xU(iV)(or SU(iV)xSU(iV)) with the ABJM theory. However, the minimal model has two 
complex scalars and fermions with global SU(2)xU(l) symmetry, while ABJM theory has four 
complex scalars and fermions with global SU(4)xU(l) symmetry. So the fermionic and bosonic 
potentials of this M = 2 Chern-Simons theory are different from those of A/" = 6 ABJM theory. 

Fields in the Af = 2 minimal model are composed of two gauge fields and A^, two bifun- 
damental bosonic fields and fermionic fields ipA with A = 1,2, and their Hermitian conjugates 

and ip'^^ respectively. Z^ and ip"^^ with upper indices {Z^^ and ipA with lower indices) are 
in the 2 (2) representation of the global SU(2). The gauge and matter fields have gauge group 
indices for V{N)xV{N) (or SU(A^) xSU(iV)) as A\, A\, Z\, and And the conjugate fields 
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are represented as and Then the action with global SU(2)xU(l) symmetry is given b}0 

S= I £X (£0 + -CcS - V^fcrm " V^os) (2.1) 



with 



tr (^-DpZ^D^'Z^ + ztP^^^Dp^A) , (2.2) 

(2.3) 

^ferm = ^tr (z^Z^^^tB^^ _ Z^^V^^^^tB + SZ^Zjj^^V^tB _ aZ^Z^^t^^^j ^ (2.4) 





tr 




k 


-^cs = 


4:71 




2-Ki 


^erm 






47r2 


Vhos = 


fc2 ^ 



where the covariant derivatives are defined as 

D^Z^ = d^Z^ + lA^Z^ - iZ^Ap, 

DpZ\ = d^Z\ + %ApZ\ - iZ\Ap. (2.6) 

We can also obtain the action (12. ip by turning off two scalars and two fermions in the M = 1 
superspace formalism for BLG theory given in Ref. [18]. The F-term potentials vanish when we 
consider two complex fields only. 

The action (12.11) is invariant under M = 1 supersymmetry transformation, 

bZ^ = le^e^^'ijjB, 
8Z\ = leAB^^'^e, 
6ijA = eABDpZ^'-f^'e + eABN^'e, 
= -eU^^'^^'D^Zl + ete^^ivt , 

SAp = (^te^^^^^^zi + eABZ^iJ^^'^pe') , 

5 A, = {eh^^Z\^^ijB + eABi^^^'lpZ^e) , (2.7) 



where we define 



AT^ = ^ (Z^Z^Z^ - , (2.^ 



k 

and e^^ and sab are the invariant tensors of the global SU(2) symmetry with e^^ = = 1. e 
and are the complex spinor parameter and its complex conjugate respectively. We prove the 
supersymmetry transformation rules (12. 7p in Appendix lA.ll 



"'^We choose (2+l)-diniensional gamma matrices which satisfy 7^*7'^ = 77'"^ + e^'^''7p as 7° = 10-^,7^ = ct^, and 
7^ = (j^ . The suppressed spinor indices are expressed by S,x = ^"Xa a-nd ^7'^x — £,"'Ja'^Xf3 for the two component 
spinors ^ and x- The conventions of gauge indices for bosonic and fermionic fields are same as those in Ref. [18]. 
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The action (12. ip has the additional Af = 2 supersymmetry depending on gauge group. As we 
will see later, the supersymmetry enhancement behaviors of the J\f = 2 minimal model are exactly 
same with those of ABJM theory. We find the additional supersymmetry for the model (12.11) with 
gauge groups, U(l)xU(l), SU(2)xSU(2), and U(2)xU(2) cases. 

2.1 U(l)xU(l) case 

In U(l)xU(l) case, we combine the two gauge fields and A^ into 

A^^A,± A„ (2.9) 

where does not interact with all matter fields and the corresponding flux is quantized via Chern- 
Simons terms, and A~ is the \J{1)a~ (from now on, we denote it as U(I)a-) gauge field which will 
be used inside the covariant derivatives (12.61) . The matter fields {Z^^ip'^^) in 2 representation of 
the global SU(2) have the \]{1)a- charges (+, — ), while their Hermitian conjugates {Z\,iPa) in 2 
representation have charges ( — ,+). Since all matter fields are represented by complex numbers(not 
matrices) in this case, the fermionic and bosonic potentials in ABJM theory vanish (See eqs. (13.321) 
and (13.33P ). Then the ABJM action with U(l)xU(l) gauge group is reduced to 

S = j (fx (^-D^Z^D^^Z^ + iij^^-f^'D^ijA + ^ e'^'PA-F^^ , with A = 1,2, (2.10) 

where D^Z^ = d^Z^ + %A-Z^ and F+ = d^A^ - d,A+. 

Since the covariant derivative in (l2.1Up depends only on A~, we can treat the field strength 
as a fundamental field and introduce a dual scalar field t{x). In order to do so, we have to 

add 

^=^1 d'xT{x)e^''Pd,F^^ (2.11) 

to the action (12.101) [4,19,20], which represent the Bianchi identity for the gauge field strength 
F^, after we integrate out the auxiliary scalar field r(x). Here r(x) is 27r-periodic due to the flux 
quantization j d^xe^'^'' d^F^^ = Ann with integer n. Then the equation of motion of is given 
by 

A; = ld,T. (2.12) 

The gauge transformation, A~ A~ + 9^A, implies that r(x) is transformed as r ^ r + kA. 
Though we fixed the gauge by taking r = 0, we can still perform gauge transformation with 
A = ^ from the periodic property of r. This remaining symmetry implies 

^A_g27riA^A_ ^2.13) 
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This means that the Af = 2 minimal model fl2.10p with U(l) xU(l) gauge symmetry is reduced to 
the sigma model on C^/Z^ orbifold, while the original ABJM theory with U(l)xU(l) gauge group 
is reduced to the sigma model on C^/Z^ orbifold. The form of action fl2.10p is equivalent to that 
of ABJM action with U(l) xU(l) gauge group, though the number of fields in (12.101) is half of that 
in ABJM theory. So many of the physical properties of the minimal model with U(l) xU(l) gauge 
group are similarly with those of ABJM theory with the same gauge group. Especially these two 
theories have the same supersymmetry enhancement properties. 

Due to the abelian properties of matter fields in the minimal model with U(l)xU(l) gauge 
group, the supersymmetry transformation rules in (12.71) are reduced to 

5^tA ^ _eU^^YD,Zl 

5A^ = 5A^ = {eU^''^,ijBZ\ + eAsZ^^^^'^^e) . (2.14) 

As we see in the supersymmetry transformation rules of (I2.14p , the variations of bosonic field Z^ 
in 2 representation of the global SU(2) is proportional to the fermionic field ipA in 2 representation. 
That is, the J\f = 2 supersymmetry (I2.14p relates the bosonic and fermionic fields with different 
global SU(2) representations. However, Z^ and ipA have the same U(1)a- charges. 

Now we try to find the additional J\f = 2 supersymmetry in the action (I2.10p . Differently from 
the M = 2 supersymmetry given in (12.141) . the additional supersymmetry relates the bosonic and 
fermionic fields with opposite U(l)yi- charges but with the same global SU(2) representations. 
To compensate the U(1)a- charge differences, we need to include some abelian operator with 
two units U(l)^- charge in the supersymmetry transformation rules of the additional Af = 2 
supersymmetry, as suggested in Ref. [8]. 

In order to find this kind of additional supersymmetry, we insert a local operator in the expected 
transformation rules, and find a condition for the operator to give supersymmetric invariance of 
the action (12.101) . At first, we consider the following ansatz for the supersymmetry transformation 
rules, 

= ie^f*ijA. 

<5iA; = 0, (2.15) 

where is the complex spinor parametej^, D'j^^Z^ = d^Z^ + iA~Z^, and we introduce a worldvol- 
ume dependent operator T* = T*(x) (complex conjugate of T) to compensate the U(l)^- charge 

■^Throughout this paper, the complex spinor parameter e and its complex conjugate will be used to denote 
the additional Af ~ 2 supersymmetry transformation rules. 
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differences in the relations fl2.15p . As will be explained later, T becomes the monopole operator. 
Here, we denoted the monopole operator as T in order to distinguish from the monopole operator 
T for the general U(N) x U(N) case. T will also appear in U(2) x U(2) case. We only analyzed 
half of the terms in obtaining the supersymmetry transformation rules, since the remaining trans- 
formation rules are easily obtained by taking complex conjugate for fl2.15p . Applying the ansatz 
fl2.15p . we obtain 

6iC = - ze^YD^Z^'Y {duf* - 2iA~f*) ^ja 

- ^e^-'A-d, ett*7p^A^^ - 5iA;J , (2.16) 

up to total derivative terms. From the relation f l2.16p . we see that the Af = 2 minimal model (12.101) 
is invariant under the additional Af = 2 supersymmetry transformation (including the complex 
conjugate of (12.151) ). 

6ijA = -fD-Z\Ye, 
3^^^ = e^f*-f''D+Z^, 

6A^ = 6A^='^ (f 7/;t^7^Z^£ + e^f*^^^AZ^) , (2.17) 



where D Z\ = dnZ\ — iA Z\ and T satisfies the following differential equation 



a^T + 2zv4;f = 0. (2.18) 



Here we should notice, however, that the supersymmetry transformation rules (12.170 are not 
satisfied for all integer values of fc, due to the orbifolding of matter fields given in (12.130 . 

From now on, we solve the equation (12.181) and try to figure out the properties of the local 
operator T(x). Under the gauge transformation, A~ A~ + (9^A, the matter field (Z^, %Ija) with 
+1 U(1)a- charges, transform as (Z^, iPa) e~*^(Z^, iIja), while {Z\, ip"^^) with -1 U(1)a- 
charges transform as {Z\^ ip"^^) e^^^{Z\^ ip"^^). Similarly from (12.180 . we can easily see that T 
transforms as T — > e~^*'^T under the same gauge transformation, and so T has +2 \]{1)a- charge. 
We can also check of the U(1)a- charge of T by solving the differential equation (12.181) directly. To 
guarantee the supersymmetry (I2.14p over the whole worldvolume region, we consider the regular 
T(x) only. Then the equation (I2.18P implies that the \]{1)a- gauge field A~ is in pure gauge, 

A-='-d,\Tif, (2.19) 
which corresponds to the result (12.121) by identifying 

T{x) = foe-2^"(^)/*^ (2.20) 
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with a constant Tq. Equivalently T{x) can be expressed by the path independent local Wilson 
line [4,11] 

f{x)=foe^'^^^^^''", (2.21) 

which transforms as T ^ e~^*'^T under the gauge transformation A~ -h- A~ + d^A. So we can also 
check that the operator T has +2 U(l)^- charge. It was argued that attaching the local Wilson 
line to matter fields, we can change the U(l)^- charges of the fields and they are insensitive in 
the presence of the Wilson line [4, 11]. 

Due to the Chern-Simons term in the action (12.101) . T{x) becomes also the monopole operator 
(often called as 't Hooft operator [21]), which induces the magnetic flux from the position x. 
In three dimensional Chern-Simons matter theory, the Wilson line and 't Hooft operator are 
equivalent [22], as we have seen the equivalence between (I2.2ip and (I2.20p which is the monopole 
operator. 

Under a transformation for r(x), 

r(x) ^ r(x) + 27r, (2.22) 

T{x) given in (12.201) transforms as 

T(x) e^'^'/'^f (x). (2.23) 

Therefore, the supersymmetry transformation rule is invariant under transformation only when 
k = 1,2. It means that the orbifold {k > 3) structure of the transverse space breaks the super- 
symmetry invariance for the additional supersymmetry (12.171) of the action (12.101) . 

2.2 SU(2)xSU(2) case 

The M = 2 minimal model (12.11) with SU(2) xSU(2) gauge group has additional M = 2 supersym- 
metry, in addition to the M = 2 supersymmetry given in (12.71) . Unlike the U(l)xU(l) case which 
allows the additional M = 2 supersymmetry for /c = 1,2 cases only, for SU(2)xSU(2) case the 
additional M = 2 supersymmetry we will consider in this subsection does not depend on the value 
of the Chern-Simons level k. However, similarly to the case of U(l)xU(l), the supersymmetric 
variation of bosonic fields are proportional to fermionic fields with same representations of the 
global SU(2) but different gauge indices. 

It turns out that the additional M = 2 supersymmetry transformation rules of the matter 
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fields in matrix notation are given by 



= 

{s^.^aZ^ + Z\^^^^,i) , (2.24) 



27r 



where e is the complex spinor parameter and we define the fields with tilde notation as follows, 



ryAci 
^ a 


,afe, r/Ab 

= e ^ab^ g, 


y]a — ab , y'fb 
^A a = ^ab^A bi 


rAa 




- ^'-'^■ab^'^ 


f^Aa 
a 


= e'^habN'"'-, 





(2.25) 

Here eab(e"'') is the invariant tensor of the gauge group SU(2)2,(SU(2)ii;) and we explicitly denote 
the gauge indices for definiteness. In Appendix IA.21 we verify the invariance of the action (12.11) 
under the supersymmetry transformation (I2.24p . 

Since there is no 11(1)^- gauge symmetry in SU(2) xSU(2) case, the sypersymmetry trans- 
formation rules (I2.24P do not include the monopole operators which do not allow the additional 
M = 2 supersymmetry for k > 2 cases. So the minimal model with SU(2) xSU(2) gauge group 
has Af = 4 supersymmetry for arbitrary value of k. 



2.3 U(2)xU(2) with both cases united 

We investigated the supersymmetry enhancement of the M = 2 minimal model (12.11) in the 
previous subsections. In U(l)xU(l) case, the Af = 2 supersymmetry (I2.15P is enhanced to A/" = 4 
supersymmetry at A; = 1, 2 only. In SU(2) xSU(2) case, however, the M = 2 supersymmetry (12.151) 
is enhanced to A/" = 4 supersymmetry regardless the value of k. 

Similarly to the cases of U(l)xU(l) and SU(2) xSU(2), we find the additional M = 2 super- 
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symmetry transformation rules for U(2)xU(2) gauge group as follows 

6A^ = ^ {f*e^^^i,AZ^ + 47/;t^7^f e) , (2.26) 

where was defined in (12.251) and T is the abelian monopole operator given in (12.201) or (12.211) 
with the U(l)^- gauge field, A~ = trA^ — tiA^. 

From (12.261) . we can obtain the supersymmetry transformation (12.241) of SU(2) xSU(2) case by 
removing the monopole operator T. And also, we can obtain the supersymmetry transformation 
(I2.17P of U(l)xU(l) case from (I2.26P by regarding all fields in (I2.26P as complex numbers without 
gauge indices. The reason is as follows. Dividing the gauge fields, and A^, into the trace 
part and traceless part, we can also decompose the action (12. ip with U(2)xU(2) gauge group into 
two parts with U(l)xU(l) and SU(2) xSU(2) gauge groups respectively. The gauge fields can be 
rewritten as 

Afj, = + C^, A^ = + C^, 

where B^ = tr(A^)| and 5^ = tr(A^)| with 2x2 identity matrix 1. Using the trace property, we 
can rewrite the kinetic and Chern-Simons terms in (12. ip as 




(2.27) 



where the covariant derivative is decomposed by 

D^Z^ = dZ^ + i{B^ - B^)Z^ + iC^Z^ - iZ^C^. (2.28) 

Since there is no potential for U(l)xU(l) case, we can think that the potentials in U(2)xU(2) 
case are decomposed into U(l)xU(l) part and SU(2) xSU(2) part already. From these reasons, we 
can read the supersymmetry transformation rules (12.171) and (I2.24p from (I2.26p . and vice versa. 

Since the supersymmetry transformation rules (12.261) include the monopole operator T, ac- 
cording to the discussion of subsection 12.11 the supersymmetry of the M = 2 minimal model with 
U(2)xU(2) gauge group is enhanced to A/" = 4 for = 1, 2 cases only. 
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3 Super symmetry Enhancement of the AB JM Theory with 
U(2)xU(2) Gauge Group 

The ABJM action with U(A^) xU(A^) gauge group at Chern-Simons level {k,—k) in SU(4) invariant 
form is given by 

S = jd^X {Co + CcS - Vferm " Kos) (3.29) 

with 

£o = tr (-D^yjD'^y^ + z^^'^YD^^a) , (3.30) 
Ccs = e^"' tr iA^d.Ap + -A,AuAp - A^d.Ap - -A^A^Ap] , (3.31) 

^ferm = '^-^H [yIy ^ ^ ^ B ' Y^Y\^b^^'' + TY^yI^a^^"" " TYIy^'^^^^b (3.32) 

+ e^^^^Y\^BYl^n - eABcnYU'^'Y^^''') , 
Vbos = -^ti (yIy^yIy^^Y^Y^ + Y'^yIy^'Y^Y^Y^ + AYIy^^Y^Y^Y^Y^ (3.33) 

- qy^y^y^yIy^y^^ . 

Here the complex scalars Y^, {A = 1, • ■ • ,4), the fermions tpA are in bifundamental representation, 
and the covariant derivatives are same as (12. 6p . 

The ABJM action fl3.29p is invariant under J\f = Q supersymmetry transformation, 

6Y^ = lu^^'iJB, 

6Yl = I^^^'UAB. 

6^ A = Yu^ABDpY^ + ^UABiY^Y^Y^ - Y^YiY^) + ^ubcY^Y^Y^ , 

5^tA ^ ^BpYluj^^'Y + %^^(F^F^ri - rir^F^t) - ^u^'^'yIy^y^, 

5Ap = -^(co^^Yhp^B + F^^^^Tm^ab), 

SAp = -^{u^^yIj^^Pb + i^^^'lpY^u^AB), (3.34) 
where u;^^ = -uj""^ = (ujab)* = ^e^^^^c^cD. 

3.1 U(2)xU(2) case 

It was conjectured that the ABJM theory with U(A^) xU(A^) gauge group has the additional Af = 2 
supersymmetry at A; = 1,2, in addition to A/" = 6 supersymmetry written in fl3.34p [4]. Since the 
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equivalence between the SU(2) xSU(2) ABJM theory and BLG theory which has TV = 8 supersym- 
metry was known in Ref. [4] aheady, we know that the ABJM theory with SU(2) xSU(2) gauge 
group has Af = 8 supersymmetry without dependence of k, i.e. there is A/" = 2 supersymmetry en- 
hancement in SU(2) xSU(2) case though the supersymmetry transformation rules for component 
fields were not known up to now. In Appendix IB. 11 we verify the supersymmetry invariance of 
the ABJM theory with SU(2) xSU(2) gauge group and find the corresponding additional M = 2 
supersymmetry transformation rules. On the other hand, for U(l)xU(l) case, the M = 1 mini- 
mal model and ABJM theory have the same kinetic and Chern-Simons terms. So they have the 
same supersymmetric behaviors for the additional TV = 2 supersymmetry, though the numbers 
of matter fields are different. Actually the additional TV = 2 supersymmetry given in (12.171) for 
U(l)xU(l) case does not dependent on the number of matter fields. 

As we discussed in the subsection 12. 3[ in order to obtain the additional supersymmetry trans- 
formation rules of U(2)xU(2) we can combine the results of U(l)xU(l) and SU(2) xSU(2) cases. 
The results are as follows: 

6^Ija = -TD^Yl^e - fN\e - — t*ehABCDY''Y''Y'' , 
= f*i^^^'D^Y^ - f *£tiv^ + ^ fe^^^^^YlYiY^e, 
6 A, = ^ (f*e^Y^^,^A + ti^^^'^.yle) , 

5A^ = ^ {f*e^^^^AY^ + TYl^p^^^^e) , (3.35) 

where Y^, iJja, and are defined in (12.251) by replacing Z with Y. 

Similarly to the case of the TV = 2 minimal model with U(2)xU(2) gauge group discussed in 
the subsection 12. 3^ the supersymmetry of the TV = 6 ABJM theory with U(2)xU(2) gauge group 
is enhanced to TV = 8 for A; = 1, 2 cases due to the presence of the abelian monopole operator T. 

3.2 Comments on U(iV)xU(iV) case 

Now we try to extend our results to SU(A^) xSU(iV) cas^. Here, we only give a sketchy of the whole 
procedure whose explicit construction for the supersymmetry transformation rules will complete 
of the supersymmetry enhancement in ABJM theory. The details will be published elsewhere. 

■^Except for U(l) xU(l) factor, there is no difference between U(7V) xU(Af) and S\J{N)xS\J{N) cases in obtaining 
supersymmetry transformation rules. As we have seen in the subsection 12. 3|, we can consider the U(l)xU(l) part 
separately. So concentrating on SU(Af)xSU(-/V) case can cover the U(-/V) xU(A^) case also. 
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As we did in Appendix to prove the supersymmetry invariance of the given Lagrangian in 
Chern-Simons matter theory, we start from the following variations for the scalars and fermions: 

where we denoted the gauge indices for concreteness. Since all the gauge groups except for 
SU(2) xSU(2) include the U(l) xU(l) part, the local operator T transforms as T ^ ^-im/krp ^j^^gj^ 
the orbifold transformation for the generic gauge group. Therefore, the supersymmetry transfor- 
mation fl3.36p is satisfied in the cases k = 1,2 only. Here D^y^"^, (a,6, ... = 1,2, ...N; a,b, ... = 
1, 2, ...N), and its Hermitian conjugate are given by 

D.yfa = d,Yl\ + ^Al^Y^\ - ^Yf,Al^. (3.37) 
The variation of in fl3.30p in matrix notation is given by 
5i/:o = tr( - D^b{Y\D^Y^ + ih^'^^^^D^^^ 

= tr( - li^D^iT^AWY^ + le^TD^yS^^^'D,^^ 

= tr ( - %e'^''^^D;ri,AD.Y'' - h:'^e^''<'TF^,Y^^pi,A + )f e^^PTY^F^^^.i,^ . (3.38) 

In the final step of (13.381) we integrated by part, dropped the total derivative term, and used the 
following relation, 

B^{T^a) = {D^T)ijA + TD^ijA. (3.39) 
Denoting the gauge indices we can express the left hand side of (I3.39P as 

and the right hand side of (I3.39P as 

{{D,T),Ija)\ + iTD,,ljA)\ = {D,T)t,lj\^ + Tf (^,^|J\^ + zA'^^^Ai ' ^V^Ac^^s) • (3-41) 
Combining (ICTj) . ^M), and dSHD, we obtain 



D,Tf:,i,\, = d^^ + iK^^ + lA^^^ - iT^^Al, - iT^A^l^ (3.42) 



Ab 



'^o.b I • /la rpcb I ■ Ab rpac A'Toh Ac ^'~rab /ic 



Ab' 



On the other hand, the variation of £cs in (I3.3ip is given by 

k 



SaCcs = 4^e'^''tr (^F^JA, - 6A,F,,J^ . (3.43) 
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Adding (Km and we obtain 



+ ^^'-'K^^cSA;, - l^e-^Mj/;,. (3.44) 

As we did in the relations (]A.50P and (1A.62P which appeared in proving the supersymmetry 
invariance of the Chern-Simons matter theories, we first impose the vanishing of the right hand 
side of (13.441) . Then we obtain the variations for the gauge field and a condition for T°^^ as follows: 



AW 



SA% = -jehX^i^\'J% (3.45) 
iDfj,T)^l = d^T^^ + iA"^^T^l + iA^^^T^^ — iT^^A^j^^ — iT^^A^^^ = 0. (3.46) 

The supersymmetry transformation rules for SU(iV) xSU(A^) case are read from (I3.36P and 
(I3.45p . Though F'^-terms in the variation of fermion fields, which are originated from the variation 
of the potentials are not available, the rules (13.361) and (I3.45P will be very useful in finding the 
complete supersymmetry transformation rules in SU(A^) xSU(A^) case. 



4 Conclusion 

We investigated the supersymmetry enhancement behaviors of the ABJM theory. We found the 
additional M = 2 supersymmetry explicitly for U(l)xU(l) and U(2)xU(2) cases at A; = 1,2, by 
introducing the local operator T which is known as monopole operator. In obtaining the addi- 
tional supersymmetry transformation rules, we started from the verification of the supersymmetric 
invariance for the minimal model which has the same supersymmetry enhancement properties as 
those of ABJM theory. The minimal model is a A/" = 2 supersymmetric Chern-Simons matter 
theory with U(l)ij symmetry and has the same forms of the kinetic terms for scalars and fermions, 
the Chern-Simons terms. The matter field part is composed of two complex scalars and fermions. 
We found the explicit supersymmetry transformation rules for J\f = 2 supersymmetry coming from 
the global symmetry and the additional M = 2 supersymmetry originated from the gauge part for 
U(l)xU(l) and U(2)xU(2) at A; = 1,2. That is, the minimal model has A/" = 4 supersymmetry 
at A; = 1,2. 

The procedure of the minimal model can be repeated to ABJM theory, and we proved the 
conjecture for the supersymmetry enhancement for U(l)xU(l) and U(2)xU(2) cases. We explic- 
itly obtained the additional M = 2 supersymmetry transformation rules by using the monopole 
operator and showed A/" = 8 supersymmetry of ABJM theory. We also studied the additional 
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M = 1 supersymmetry for the generic gauge group U(A^) xU(A^) case without the contribution 
from the potentials of AB JM theory, and derived a condition for the monopole operator T, which 
satisfies first order coupled differential equation. Since T has four indices, solving the coupled 
differential equations is nontrivial and we were not able to complete the computation of F^-terms 
in the variation of the fermion fields, which seems to require a more lengthy calculation. But we 
believe that the variations for the potential part give some additional condition for T and we can 
reduce the degrees of freedom for T considerably. 

As the extensions of the works related to the A/" = 6 supersymmetry of ABJM theory, there 
are several directions we can consider by using the additional J\f = 2 supersymmetry fl3.35p . for 
instance, supersymmetry preserving mass deformation [7,23-25], various soliton solutions [24,26- 
31]. 

We conclude with a final remark. Recently the non-relativist ic limit of ABJM theory was ob- 
tained in Refs. [32,33]. In the non-relativistic theories the A/" = 6 part of supersymmetry of ABJM 
theory was reduced to the kinematical, dynamical, and conformal charges. It is also interesting to 
consider the non-relativistic reduction for the additional JV = 2 part of supersymmetry of ABJM 
theory [34]. 
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A Supersymmetry of the J\f = 2 Minimal Model 



A.l Verification of ( l27fl ) 



Let us check the JV = 2 supersymmetry 02.71] of the action (12.11) . As we did in the U(l)xU(l) 
case in the subsection l2.lt we only check half of terms. The remaining half are complex conjugate 
of them. From now on, we drop total derivatives in all calculational procedures. 
A supersymmetric variation of the kinetic term Cq fl2.2p is given by 



pup W\AB7'^ 



B I 



(A.47) 
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where F^;, and F^u are gauge field strengths of and respectively, and 

S^tP^^ = e^e^^'D^Zl.Y- (A.48) 
In the last step of (]A.47p . we used integration by part and 

We add 5iCq in (1A.47I) to supersymmetric variations of gauge fields in the Chern-Simons terms, 

SaCcs = tr (^ef^^PF^JA^ - —e^^'^f'SAJ, 



An 



If we set the supersymmetric variations of gauge fields as follows. 



SA, = -^-^e^e^^^.^sZl 



2tx 



5A, = -^5te^^Z^7M^B, 



we obtain 



SiCo + Sa^cs = 0. 



(A.49) 



(A.50) 



Now we consider the variation of the kinetic part Co originated form the variations of gauge 
fields, 



tr 



iZlSAf'D^Z^' - iD^ZldAf'Z^ - ip^^-f''SA^ipc 
-idA^Z^D^Z^ + zD^ZlZ^dA^" + ifj^^Y-ipcSA^ 
Plugging (1A.49P into (lA.Sip . we obtain, after some algebra, the following relation, 

6aCo = -tr {t62ij^''l^D^^B) + ^l^ferm 



(A.51) 



-S2C0 + SiVi 



fermj 



(A.52) 



where 



52^^^ = -Y'''^'' {Z\Z^ZI - Z^^Z^'Z\) , (A.53) 
^ferm = ^tr (^Z^^^t^^^ _ Z^Z:^ ^^^t^ + 2Z^4^^^tB _ 2z\z^ i^^^^j b) ■ (A.54) 
As a next step, we consider the variation of Vfcrm originated from given in (lA.53p . 

= -5iKos, (A.55) 
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where 

^bos = ^tr + Z^Z\z''z\Z^Z''c - 1Z^ Z'^^Z'' Z^Z"" Z''^ . (A.56) 

Since there is no fermion field in the expression of V^os, we see that 5i Vbos = (^i + ^2)Hios = ^Vhos- 
From the relations, (lA.48p . (]A.49p . and (]A.53p . we obtain the total supersymmetric variations 
for component fields, 

6Z^ = 6iZ^, 

Then the total supersymmetric variation for the Lagrangian in (12. ip can be obtained from the 
equations, flA.SOD . (IA.52p . and (IA.55D . as follows, 

(5(£o + -^CS - Vferm " H,os) = 5C = 0. 

Adding the complex conjugate parts of the supersymmetry transformation rules, we prove that 
the action (12 .ip is invariant under the J\f = 2 supersymmetry given in (12.71) . 



A. 2 Verification of ( 127241 ) 



As we did in the previous subsection, we start form a variation of the kinetic part Cq given in 

= tr (^_leA-Pi7^^^(^~tyA^^^^) ^ ^£'^'^''(£^7^^^^^)^^, j , (A.57) 

where and ipA were defined in (12.250 and 

6iZ]^ = ie^A, 

5i^^^ = D^Z^e^Y- (A.58) 

In the last step of (lA.57p . we used the properties of SU(2) invariant tensors, e"^ and e"^ with gauge 
group indices a,b = 1, 2, for instance, 

D,Z^\ = d,Z' , + ^A;^Z^\ - i~Z^\Al, 

= e^hab{D^Z^f~^ (A.59) 
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with the help of symmetric properties, 

{A^er = Ay' = Ay^ = (A.er. (A.eo) 

By taking supersymmetry variations for the gauge fields, and A^, as 

5A, = —eh^tPAZ'', (A.61) 
we obtain the same relation given in flA.SOp . i.e., 

S,Co + SaCcs = 0. (A.62) 
Now we consider the variations of the gauge fields in Cq, and obtain the following relation 

SaCo = tr(^ - iS2^^^1^D^ijA^ + diVferm 

= + SiVfcrm, (A.63) 

where Vferm "was given in (1A.54P and 

with the definition of in fl2.25p . 

From the variation 62^''^'^ in Vferm, we can obtain the bosonic potential H.os, 

(52Vferm = "^iVbos = "^Hos, (A.65) 

where the expression of Vbos was given in (]A.56p . During the calculational procedures in obtaining 
(]A.63P and (]A.65p . we frequently used the following relations 

eabP''Q''R' = eabi-PV^ + P"Q^)i?^ 

(^~Vl)(^2^3) = -(£~V2)(^3V^l) - (£V3)(V^2^l), 

(^~V^l)(^27^^3) = -2(£V3)(^lV^2) - (£Vl)(^2^3), (A.66) 

where P, Q, and R are arbitrary fields with gauge indices and ipi, ip2, and ip^ are arbitrary fermion 
fields. 

Combining the relations (lA.62p . (lA.63p . and (lA.65p . as we did in the previous subsection, we 
can verify the supersymmetry transformation rules given in (12.240 . 
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B Super symmetry of ABJM Theory 



B.l SU(2)x SU(2) case 

If we replace Z with Y and extend the SU(2) global indices ... = 1,2 to the SU(4) global 

indices A,B,... = 1,2,3,4 in (12. ip . the kinetic and Chern-Simons terms are exactly same with 
those in fl3.29p . while the fermionic and bosonic potentials have different forms in the two actions. 
In this reason, in order to verify the additional M = 2 supersymmetry invariance given in (13.350 
(without T) in ABJM theory with SU(2) xSU(2) gauge group, we use the results given in the 
subsection A. 2. The results in the subsection A. 2 are summarized in ABJM theory side, as 
follows, 

5i£o + ^A^^CS = 0, 

5aI~'Q + 52-^0 - 5i\4crml = 0, 

52V^fcrml + 5lHosl = 0, (B.67) 



where 



5iYI = ie^A, 
2tt 

5A^ = —e^Y^-ff,^A, 

SA^ = '^s^j^^PaY^ (B.68) 



with iV^\ = e^hab^iY^Y^Y^ - F^F^F^)''., and 
2m 



^fermi = ^tr (yIy^^^^'^b " F^FjV^ij^^^ + 2^^^]^'^^^^'' - 2YlY''ij^^^B) , (B.69) 
V^^,, = ^tr (FjF^F]r^F^F^ + r^Fjr^F^r^F^ - 2F^riF^rjF^r^) . (B.70) 



In the next, we consider a supersymmetry variation of Vfcrm defined as 

n ^erml 

tr ^e^^^'^Yli^sYii^n - eABCoY^i'^^Y^^^'') , (B.7i; 



^erm2 ^crm ^erml 

_ 2m 
~ X 

where Vferm and Vfcrmi were defined in (13.321) and flB.69p respectively. 
Then we find 

Am 



S,V,^.ra2 = ^tr {e^^'^^d^Yl^sYiiJn - eABCDSri^'^Y^^'^'Y^) 
= i6,tPAYD^4j^^ 

= d^{t6siJAYiJ^'') + i^p^^'rO^ds^IJA, (B.72) 
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where 

hi^A = -^eABCDB^Y^Y^Y^. (B.73) 

Here we used the facts that 

tr (e^^^^S.Yl^sYi^n) = 0, 

tr l^eABCDD,Y^eh>^Y''^^''Y''^ = -^tr (eABCDY''Y''Y''e^YD^ij^^^ . (B.74) 
After shghtly long algebra, we obtain 

<52Vferm2 = — ^S^ferml, (B.75) 

where 

^s^fcrmi = ^tr (^SsijAYlY^'i;^^ - SsijAi^^^Y^'Y^, + 253M^''Y^y1, - 253^a>1i^^^^'') • 

As a final step we check (53Vferm2 and find the corresponding bosonic potential. By expending 
^ABCD^^^^^ and using the properties of the SU(2) invariant tensors, we finally find the following 
relation 



S3V{cTm2 = -5lVbos2, (B.76) 



where 



SsV,,,^2 = -^tr [e^^^^5si^AY^^cYl,, 



Ko«2 = -^tr ( yIy^yIy''y}.y^ + y'^yIy^'yIy^y) 



hos2 = -^^^ly^A^ ^B-f ^c-f -ffi-f 

+yIy^Y^Y^yIy^' - SY^Y^Y^Y^Y^Y^ ) . (B.77) 

From these results we find 

Vbosl + Vhos2 = Vhos, 



where Kos is the bosonic potential of ABJM theory. From fiRGTl) . flR72l) . flR75l) . and flR76|) 



we prove that the ABJM action fl3.29p is invariant under the supersymmetry transformation rule 
f l3.35p (without T), which can be obtained from fIB.GSP and (lB.73p . and their complex conjugates. 
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